Introduction {#Sec1}
============

Polyakov's formula expresses a difference of zeta-regularized determinants of Laplace operators, an anomaly of global quantities, in terms of simple local quantities. The main applications of Polyakov's formula are in differential geometry and mathematical physics. In mathematical physics, this formula arose in the study of the quantum theory of strings \[[@CR37]\] and has been used in connection to conformal quantum field theory \[[@CR6]\] and Feynman path integrals \[[@CR18]\].

In differential geometry, Polyakov's formula was used in the work of Osgood et al. \[[@CR35]\] to prove that under certain restrictions on the Riemannian metric, the determinant is maximized at the uniform metric inside a conformal class. Their result holds for smooth closed surfaces and for surfaces with smooth boundary. This result was generalized to surfaces with cusps and funnel ends in \[[@CR2]\]. The techniques used in this article are similar to the ones used by the first author in \[[@CR3]\] to prove a Polyakov formula for the relative determinant for surfaces with cusps.

We expect that the formula of Polyakov we shall demonstrate here will have applications to differential geometry in the spirit of \[[@CR35]\]. Our formula is a step towards answering some of the many open questions for domains with corners such as polygonal domains and surfaces with conical singularities: what are the suitable restrictions to have an extremal of the determinant in a conformal class as in \[[@CR35]\]? Will it be unique? Does the regular *n*-gon maximize the determinant on all *n*-gons of fixed area? What happens to the determinant on a family of *n*-gons which collapses to a segment?

The Zeta-Regularized Determinant of the Laplacian {#Sec2}
-------------------------------------------------

Consider a smooth *n*-dimensional manifold *M* with Riemannian metric *g*. We denote by $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta _g\ge 0.$$\end{document}$ If *M* is compact and without boundary, or if *M* has non-empty boundary and suitable boundary conditions are imposed, then the eigenvalues of the Laplace operator form an increasing, discrete subset of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 0 \le \lambda _1 \le \lambda _2 \le \lambda _3 \le \cdots . \end{aligned}$$\end{document}$$These eigenvalues tend toward infinity according to Weyl's law \[[@CR43]\],$$\documentclass[12pt]{minimal}
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                \begin{document}$$\omega _n$$\end{document}$ is the volume of the unit ball in $\documentclass[12pt]{minimal}
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Ray and Singer generalized the notion of determinant of matrices to the Laplace--de Rham operator on forms using an associated zeta function \[[@CR38]\]. The spectral zeta function associated to the Laplace operator is defined for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \zeta (s) := \sum _{\lambda _k >0} \lambda _k ^{-s}. \end{aligned}$$\end{document}$$By Weyl's law, the zeta function is holomorphic on the half-plane $\documentclass[12pt]{minimal}
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                \begin{document}$$\{{\text {Re}}(s) > n/2\},$$\end{document}$ and it is well known that the heat equation can be used to prove that the zeta function admits a meromorphic extension to $\documentclass[12pt]{minimal}
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                \begin{document}$$s=0$$\end{document}$ \[[@CR38]\]. Consequently, the zeta-regularized determinant of the Laplace operator may be defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \det (\varDelta ) := \mathrm{e}^{-\zeta ^{\prime }(0)}.\end{aligned}$$\end{document}$$In this way, the determinant of the Laplacian is a number that depends only on the spectrum; it is a spectral invariant. Furthermore, it is also a global invariant, meaning that in general it cannot be expressed as an integral over the manifold of local quantities.

Polyakov's Formula for Smooth Surfaces {#Sec3}
--------------------------------------
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                \begin{document}$$\epsilon > 0.$$\end{document}$ Assume that each conformal factor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma (t)$$\end{document}$ is a smooth function on *M*. The Laplacian for the metric $\documentclass[12pt]{minimal}
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                \begin{document}$$g_t$$\end{document}$ relates to the Laplacian of the metric *g* via$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varDelta _{g_t} = \mathrm{e}^{-2\sigma (t)} \varDelta _g. \end{aligned}$$\end{document}$$The variation of the Laplacian for the metric $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left. \partial _t \varDelta _{g_t}\right| _{t=0} = {-}2 \sigma ^{\prime }(0) \varDelta _{g_0}, \quad g_0 = \mathrm{e}^{2\sigma (0)} g. \end{aligned}$$\end{document}$$In this setting, Polyakov's formula gives the variation of the determinant of the family of conformal Laplacians $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _t \log \det \left( \varDelta _{g_t}\right) = {{-}\frac{1}{24\pi }} \int _{M} \sigma ^{\prime }(t) \text {Scal}_t \mathrm{d}A_{g_t} + \partial _t \log \text {Area}\left( M,\,g_t\right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {Scal}_t $$\end{document}$ denotes the scalar curvature of the metric $\documentclass[12pt]{minimal}
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                \begin{document}$$g_t.$$\end{document}$ This is the type of formula that we demonstrate here and may refer to it as either the differentiated or variational Polyakov formula or simply Polyakov's formula. The classical form of Polyakov's formula is the "integrated form" which expresses the determinant as an anomaly; for a surface *M* with smooth boundary it was first proven by Alvarez \[[@CR4]\]; see also \[[@CR35]\]. There are two main difficulties which distinguish our work from the case of closed surfaces: (1) the presence of a geometric singularity in the domain and (2) the presence of an analytic singularity in the conformal factor.

Conical Singularities {#Sec4}
---------------------

Analytically and geometrically, the presence of even the simplest conical singularity, a corner in a Euclidean domain, has a profound impact on the Laplace operator. As in the case of a manifold with boundary, the Laplace operator is not essentially self-adjoint. It has many self-adjoint extensions, and the spectrum depends on the choice of self-adjoint extension. Thus, the zeta-regularized determinant of the Laplacian also depends upon this choice \[[@CR33]\]. In addition, conical singularities add regularity problems that do not appear when the boundary of the domain or manifold is smooth.

In recent years there has been progress towards understanding the behavior of the determinant of certain self-adjoint extensions of the Laplace operator, most notably the Friedrichs extension, on surfaces with conical singularities. This progress represents different aspects that have been studied by Kokotov \[[@CR22]\], Hillairet and Kokotov \[[@CR19]\], Loya et al. \[[@CR26]\], Spreafico \[[@CR40]\], and Sher \[[@CR39]\]. In particular, the results by Aurell and Salomonson \[[@CR5]\] inspired our present work. Using heuristic arguments they computed a formula for the contribution of the corners to the variation of the determinant on a polygon \[[@CR5], Eq. (51)\]. Here we use different techniques to rigorously prove the differentiated Polyakov formula for an angular sector. Our work is complementary to those mentioned above since the dependence of the determinant of the Friedrichs extension of the Laplacian with respect to changes of the cone angle has not been addressed previously. In addition, our formula can be related to a variational principle.

Organization and Main Results {#Sec5}
-----------------------------

In Sect. [2](#Sec6){ref-type="sec"}, we present the framework of this article and develop the requisite geometric and analytic tools needed to prove our first main result, Theorem [2](#FPar2){ref-type="sec"} below. In Sects.  [3](#Sec12){ref-type="sec"} and [6](#Sec22){ref-type="sec"}, we prove the following theorem which is a key ingredient in the proof of Theorem [2](#FPar2){ref-type="sec"}.

### Theorem 1 {#FPar1}
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                \begin{document}$$\mathrm{e}^{-t \varDelta _\alpha }$$\end{document}$ denote the heat operator associated to the Dirichlet extension of the Laplacian. Then, the operator $\documentclass[12pt]{minimal}
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The trace in Theorem [1](#FPar1){ref-type="sec"} can be rewritten as the following integral:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{e}^{-t \varDelta _\alpha },$$\end{document}$ also called the heat kernel. Our next theorem is a preliminary variational Polyakov formula.

### Theorem 2 {#FPar2}
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If the radial direction is multiplied by a factor of *R*,  which is equivalent to scaling the metrics by $\documentclass[12pt]{minimal}
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The proof of the preceding results comprises Sects. [2](#Sec6){ref-type="sec"} and [4](#Sec18){ref-type="sec"}. In Sect. [5](#Sec20){ref-type="sec"} we prove the following theorem. Its proof not only illustrates the method we shall use to compute the general case of a sector of opening angle $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar3}
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In Sect. [6](#Sec22){ref-type="sec"} we determine an explicit formula for Sommerfeld--Carslaw's heat kernel for an infinite sector with opening angle $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar4}
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### Conjecture 1 {#FPar5}

Among all convex *n*-gons of fixed area, the regular one maximizes the determinant.

We conclude this work by proving in Sect. [7](#Sec28){ref-type="sec"} the following result which shows that for the case of rectangular domains, the conjecture holds.

### Theorem 5 {#FPar6}
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Geometric and Analytic Preliminaries {#Sec6}
====================================

In this section we present the framework of this article and fix the geometric and analytic tools required to prove our results.

The Determinant and Polyakov's Formula {#Sec7}
--------------------------------------

Let us describe briefly the classical deduction of Polyakov's formula, since we will use the same argument. Let $\documentclass[12pt]{minimal}
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Euclidean Sectors {#Sec8}
-----------------
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This proposition is a direct consequence of the following two lemmas.

#### Lemma 1 {#FPar9}
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#### Example 1 {#FPar13}
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### Domains of the Laplace Operators {#Sec10}
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We first apply results due to several authors, including but not limited to, Mazzeo \[[@CR28], Theorem 7.14\] and Lesch \[[@CR25], Proposition 1.3.11\].
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### The Family of Operators {#Sec11}

Finally, let us introduce the family of operators that we will use to prove Polyakov's formula. Let us define $\documentclass[12pt]{minimal}
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Short Time Asymptotic Expansion {#Sec12}
===============================
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Heat Kernel Estimates {#Sec13}
---------------------

The heat kernel estimates we require follow rather quickly from \[[@CR1], [@CR10]\].

### Proposition 4 {#FPar19}
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### Proof {#FPar20}

Sectors are both rather mild examples of stratified spaces. Consequently, the heat kernel satisfies the estimate ([2.1](#Equ6){ref-type=""}) on \[[@CR1], p. 1062\]. This estimate is$$\documentclass[12pt]{minimal}
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### Remark 2 {#FPar21}

By the heat equation, the estimate for the time derivative of the heat kernel implies the following estimate for the Laplacian of the heat kernel$$\documentclass[12pt]{minimal}
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We now return to the trace class property of the operators in question.

### Lemma 3 {#FPar22}
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### Proof {#FPar23}
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                \begin{document}$$\rho ^{-1} \partial _{\rho }H(t,\,\rho ,\,\rho ^{\prime },\,\theta ,\,\theta ^{\prime })\in L^2(S_{\alpha },\,\rho \mathrm{d}\rho \mathrm{d}\theta ).$$\end{document}$ Thus$$\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C(t,\,\alpha )$$\end{document}$ is a constant that depends on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ and *t*. Hence, the operator whose integral kernel is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2 \langle \nabla _z \xi ,\, \nabla _z H\rangle $$\end{document}$ is Hilbert--Schmidt. Since the sum of two Hilbert--Schmidt operators is Hilbert--Schmidt, it follows that $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta {\mathcal {M}}_{\xi } \mathrm{e}^{-t \varDelta /2}$$\end{document}$ is Hilbert--Schmidt.

A way to prove that an operator is trace class is to write it as a product of two Hilbert--Schmidt operators. Since $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{e}^{-t \varDelta }$$\end{document}$ is trace class, in particular it is Hilbert--Schmidt. Therefore using the semigroup property of the heat operator we write$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {M}}_{\xi } \mathrm{e}^{-t \varDelta }$$\end{document}$ is trace class. The trace class property of the other operators listed in this lemma follows in the same way. $\documentclass[12pt]{minimal}
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Heat Kernel Parametrix {#Sec14}
----------------------

To prove the existence of the asymptotic expansion of the trace given by Eq. ([1.4](#Equ4){ref-type=""}) and to compute it, we replace the heat kernel by a parametrix. We construct a parametrix for the whole domain in the standard way: first we partition the domain and use the heat kernel of a suitable model for each part, then we combine these using cut-off functions. We use the following models for each corresponding part of the domain:The heat kernel for the infinite sector with opening angle $\documentclass[12pt]{minimal}
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                \begin{document}$$H_\alpha .$$\end{document}$ We note that by \[[@CR41], Lemma 6\], we may use the heat kernel for the infinite sector on this neighborhood.The heat kernel for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^2$$\end{document}$ for a neighborhood $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${\mathcal {N}}_\mathrm{e}$$\end{document}$ of the straight edges away from the corners. Denote this heat kernel by $\documentclass[12pt]{minimal}
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                \begin{document}$$H_\mathrm{a}$$\end{document}$ (this is done in order to simplify some equations in the proof).The curved arc meets the straight segments in two corners. For these corners we consider two disjoint neighborhoods that are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {N}}_\mathrm{c},$$\end{document}$ at these corners we use the heat kernel of the upper half unit disk, $\documentclass[12pt]{minimal}
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Therefore, the parametrix we use is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H_\mathrm{p}(t,\,z,\,z^{\prime })= & {} \widetilde{\chi }_\alpha (z) H_\alpha \chi _\alpha (z^{\prime }) + \widetilde{\chi }_\mathrm{a}(z) H_\mathbb {D}\chi _\mathrm{a} (z^{\prime })\nonumber \\&\quad +\, \widetilde{\chi }_\mathrm{c} (z) H_{\mathbb {D}_+} \chi _\mathrm{c} (z^{\prime }) + \widetilde{\chi }_\mathrm{e}(z) H_\mathrm{e} \chi _\mathrm{e} (z^{\prime }) + \widetilde{\chi }_\mathrm{i}(z) H_\mathrm{i} \chi _\mathrm{i} (z^{\prime }). \end{aligned}$$\end{document}$$Above, for the sake of brevity, we have suppressed the argument $\documentclass[12pt]{minimal}
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The salient point, which is well known to experts, is that this patchwork parametrix restricted to the diagonal is asymptotically equal to the true heat kernel on the diagonal with an error of $\documentclass[12pt]{minimal}
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                \begin{document}$$t \downarrow 0.$$\end{document}$ For these arguments, we refer the reader to \[[@CR30], Lemma 2.2\] and \[[@CR3], §4 and Lemma 4.1\]. Moreover, it is known that for domains with both corners and curved boundary, the heat trace admits an asymptotic expansion as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \downarrow 0,$$\end{document}$ and that this trace has an extra purely local contribution from the angles at the corners. The proof for domains with *both*corners *and*curved boundary can be found in \[[@CR27], Theorem 2.1\]; see also \[[@CR30]\]. Even though we expect this calculation to be contained in earlier literature we were unfortunately unable to locate it. Therefore, it is natural to expect that the angles also appear in the variational formula for the determinant. We shall see that this is indeed the case.

Proof of Theorem [1](#FPar1){ref-type="sec"} {#Sec15}
--------------------------------------------
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                \begin{document}$$S_\alpha ,$$\end{document}$ from \[[@CR27], Eq. (2.13)\] (c.f. also \[[@CR30]\]) it follows that the short time asymptotic expansion of the heat trace is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{Tr}\left( \mathrm{e}^{-t\varDelta _\alpha }\right)= & {} \frac{\alpha }{8\pi t} - \frac{\alpha }{8 \sqrt{\pi t}} + \frac{1}{12} \left( 2\chi \left( S_\alpha \right) - 3 \right) \\&\quad +\, \frac{\pi ^2 + \alpha ^2}{24 \pi \alpha } + 2 \frac{\pi ^2 + \pi ^2/4}{24 \pi (\pi /2)}+ O(\sqrt{t}), \end{aligned}$$\end{document}$$where 3 is the number of corners, and the term $\documentclass[12pt]{minimal}
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                \begin{document}$$t^0$$\end{document}$ coefficient (also called the constant coefficient) in the short time asymptotic of the heat trace is also $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{S_\alpha } \log (r) H_{S_\alpha } (t,\,r,\,\phi , \,r,\,\phi ) r \mathrm{d}r \mathrm{d}\phi , \end{aligned}$$\end{document}$$admits an expansion as in ([1.4](#Equ4){ref-type=""}), as $\documentclass[12pt]{minimal}
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                \begin{document}$$E(t,\, r,\, \phi ,\, r^{\prime }, \,\phi ^{\prime })$$\end{document}$ be the difference between the true heat kernel and the patchwork construction,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E(t,\,r,\,\phi ,\, r^{\prime },\, \phi ^{\prime }) := H_{S_\alpha } (t,\,r,\, \phi ,\, r^{\prime },\, \phi ^{\prime }) - H_\mathrm{p} (t,\, r,\, \phi ,\, r^{\prime },\, \phi ^{\prime }). \end{aligned}$$\end{document}$$Then, we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left| \int _{S_\alpha } \log (r) E(t,\, r,\, \phi ,\, r,\, \phi ) r\mathrm{d}r \mathrm{d}\phi \right| = O\left( t^{\infty }\right) , \quad t \downarrow 0, \end{aligned}$$\end{document}$$because the model heat kernels decay as $\documentclass[12pt]{minimal}
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Consequently, it suffices to prove that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{S_\alpha } \log (r) H_\mathrm{p} (t,\,r,\,\phi ,\, r,\, \phi ) r \mathrm{d}r \mathrm{d}\phi , \end{aligned}$$\end{document}$$admits a short time asymptotic expansion as in Theorem [1](#FPar1){ref-type="sec"}. By definition of $\documentclass[12pt]{minimal}
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                \begin{document}$$H_\mathrm{p},$$\end{document}$ to demonstrate this, we may proceed locally, by considering the model heat kernels on their respective neighborhoods. First, note that on $\documentclass[12pt]{minimal}
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                \begin{document}$$S_\alpha {\setminus } {\mathcal {N}}_\alpha ,\, \log (r)$$\end{document}$ is a smooth function.

Therefore, the existence of an asymptotic expansion of the integral$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{S_\alpha {\setminus } ({\mathcal {N}}_\alpha \cup {\mathcal {N}}_{c})} \log (r) H_\mathrm{p} (t,\,r,\,\phi ,\, r,\, \phi ) r \mathrm{d}r \mathrm{d}\phi , \end{aligned}$$\end{document}$$for small values of *t* follows from the locality principle of the heat kernel and the existence of the expansions of the heat kernel of the corresponding models. Although the idea is standard, we briefly explain it.$$\documentclass[12pt]{minimal}
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The existence of the asymptotic expansion of the integral over $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {N}}_\alpha ,$$\end{document}$ there is no "purely local" contribution from the other two corners in the sector, apart from the contribution due to the short time expansion of the heat trace given in ([3.3](#Equ17){ref-type=""}). In order to prove this, we need to consider the heat kernel of the unit half disk; let $\documentclass[12pt]{minimal}
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The heat space for the disk can be constructed following \[[@CR31], §3.1\]. We shall see that the polyhomogeneity of the heat kernel on this space follows from \[[@CR31], Theorem 1.2\]. This may not be immediately apparent, because in \[[@CR31]\], the authors consider compact manifolds with edges. A compact manifold with boundary is a particular case of a compact manifold with edges in which the fiber of the cone is a point, $\documentclass[12pt]{minimal}
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### The Heat Space {#Sec16}
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                \begin{document}$$\mathbb {D}^2 \times \mathbb {R}^+.$$\end{document}$ This space can also be defined using equivalence classes of curves in analogue to the *b*-blowup in the *b*-heat space of \[[@CR32], Chap. 7\]; specifically see \[[@CR32], pp. 274--275\]. For a schematic diagram of the first blow-up, we refer to \[[@CR31], Fig. 2\].

Next, the diagonal away from the boundary is blown up at $\documentclass[12pt]{minimal}
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The heat space is a manifold with corners which has five codimension one boundary hypersurfaces, also known as boundary faces. For a schematic diagram of this heat space, we refer to \[[@CR31], Fig. 3\]. The left and right boundary faces, $\documentclass[12pt]{minimal}
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### Polyhomogeneous Conormal Distributions on Manifolds with Corners {#Sec17}

The heat space is a *manifold with corners.*An important class of distributions on manifolds with corners is the class of polyhomogeneous conormal distributions, which we abbreviate as *pc distributions.*We recall how these are defined in general. Let *X* be an *n*-dimensional manifold with corners. By definition (see \[[@CR28], §2A\]), *X* is locally modeled diffeomorphically near each point by a neighborhood of the origin in the product $\documentclass[12pt]{minimal}
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#### Lemma 4 {#FPar24}
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#### Proof {#FPar25}

The polyhomogeneity and conormality of $\documentclass[12pt]{minimal}
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#### Corollary 1 {#FPar26}
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#### Proof {#FPar27}
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#### Lemma 5 {#FPar28}
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#### Proof {#FPar29}

By symmetry, it suffices to compute the trace near the point (1, 0). The heat kernel for the upper half disk can be written as$$\documentclass[12pt]{minimal}
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Finally, we note that a similar argument cannot be applied to the corner at the origin in the original sector, that is the corner of opening angle, $\documentclass[12pt]{minimal}
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The Variational Polyakov Formula {#Sec18}
================================
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Differentiation of the Operators {#Sec19}
--------------------------------
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### Lemma 6 {#FPar30}
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### Proof {#FPar31}
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### Remark 3 {#FPar32}
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### Proposition 5 {#FPar33}
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### Proof of Theorem 2 {#FPar35}

In order to prove Theorem [2](#FPar2){ref-type="sec"}, we differentiate the spectral zeta function with respect to the angle $\documentclass[12pt]{minimal}
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The Quarter Circle {#Sec20}
==================

We have proven that the derivative of the logarithm of the determinant of the Laplacian in the angular direction on a finite Euclidean sector is given in terms of the coefficients $\documentclass[12pt]{minimal}
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Consequently, putting all the terms which contribute to the formula together, gives$$\documentclass[12pt]{minimal}
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Carslaw--Sommerfeld Heat Kernel {#Sec22}
===============================

In this section we use the explicit form of the heat kernel on an infinite angular sector with opening angle $\documentclass[12pt]{minimal}
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Unfortunately, this kernel does not correspond to the Dirichlet Laplacian since it does not satisfy the boundary condition. To remedy this, we use the method of images as in \[[@CR5]\]. We first re-write ([6.1](#Equ31){ref-type=""}) with a change of coordinates, $\documentclass[12pt]{minimal}
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Contribution from the Poles {#Sec23}
---------------------------
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### Pole Contribution from the Reflected Term {#Sec25}
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#### Lemma 7 {#FPar38}
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#### Proof {#FPar39}
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The Total Expressions {#Sec27}
---------------------

We begin with the total expression for the heat kernel on an infinite sector of opening angle $\documentclass[12pt]{minimal}
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The total expression of Polyakov's formula is obtained by putting together the previous computations, recalling the factor of $\documentclass[12pt]{minimal}
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Determinant of the Laplacian on Rectangles {#Sec28}
==========================================

In this section we prove Theorem [5](#FPar6){ref-type="sec"}. Consider a rectangle of width 1 / *L* and length *L*. The spectrum of the Euclidean Laplacian on this rectangle with Dirichlet boundary condition can easily be computed using separation of variables, and it is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \frac{m^2 \pi ^2}{L^2} + \frac{n^2 \pi ^2}{w^2} \right\} _{m, n \in \mathbb {N}}. \end{aligned}$$\end{document}$$Consequently the spectral zeta function has the following expression:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \zeta _L(s)= & {} \sum _{m,n \in \mathbb {N}} \left( \frac{1}{\pi ^2 m^2 /L^2 + \pi ^2 n^2 L^2} \right) ^s\\= & {} (\pi )^{-2s} \sum _{m, n \in \mathbb {N}} \frac{1}{|L|^{2s} | mz + n|^{2s}}, \quad z = \frac{i}{L^2}. \end{aligned}$$\end{document}$$

Proof of Theorem 5 {#FPar40}
------------------
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Concluding Remarks {#Sec29}
==================

Isospectral polygonal domains are known to exist \[[@CR14]\], and one can construct many examples by folding paper \[[@CR8]\]. A natural question is: how many polygonal domains may be isospectral to a fixed polygonal domain? Osgood, Phillips and Sarnak used the zeta-regularized determinant to prove that the set of isospectral metrics on a given surface of fixed area is compact in the smooth topology \[[@CR36]\]. Can one generalize this result in a suitable way to domains with corners? Is it possible to define a flow, as \[[@CR35]\] did, which deforms any initial *n*-gon towards the regular one over time and increases the determinant? How large is the set of isospectral metrics on a surface with conical singularities? These and further related questions will be the subject of future investigation and forthcoming work.

Appendix: Carslaw's Formula for the Dirichlet Heat Kernel of the Quadrant {#Sec30}
=========================================================================
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